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It is shown that for ka3, every k-connected graph G with girth at least 4 con- 
tains an induced cycle C such that G - V(C) is (k -2)-connected. 0 1987 Academic 
Press. Inc. 
1. INTRODUCTION 
We consider only finite, undirected, simple graphs with no loops and no 
multiple edges. 
In [2], Thomassen proved that for k 3 4, every k-connected graph con- 
tains an induced cycle, i.e., a cycle with no diagonals, the deletion of whose 
vertices results in a (k - 3)-connected graph, and conjectused that for k > 3, 
every k-connected graph with girth at least 4 contains an induced cycle 
whose deletion results in a (k - 2)-connected graph, and every k-connected 
graph with girth at least 5 contains an induced cycle whose deletion results 
in a (k- 1)-connected graph. The present paper is concerned with the first 
conjecture. (The second one still remains open except for the case k = 3, 
which was settled affirmatively by Thomassen and Toft [3].) The case 
3 6 k d 4 of the first conjecture was also settled affirmatively in [3]. Here 
we prove 
MAIN THEOREM. Let G be a k-connected graph with girth at least 4, 
k 3 5. Then G contains an induced cycle C such that G - V(C) is (k - 2)- 
connected. 
The “induction part” of our proof is exactly the same as the argument 
used in [a]. So we describe only the “starting point” in d.etail. 
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2. PROOF OF MAIN THEOREM 
First we remark that when A is a set of vertices of a graph, we often let 
the subgraph induced by A be also denoted by A. For example, by E(A) we 
mean the set of edges of the subgraph induced by A. 
Let G = (V(G), E(G)) be a graph. A subset S of V(G) is called a 
separator if G - S is disconnected. A separator of cardinality n is simply 
referred to as an n-separator. A triple (S; A, B) of subsets of V(G) is said to 
be a separating triple if S is a separator and A, B are unions of connected 
components of G - S such that S v A u B = V(G), A n B = 0, A # 0, and 
B # 0. For x E V(G), the set of vertices adjacent to x is denoted by T(x). 
For SC V(G), we let T(S) denote the union of T(x) as x ranges over S. 
In the balance of this section, we let k 3 5 denote a fixed integer, and let 
G be a k-connected graph with girth at least 4. An edge e of G is said to be 
contractible if its contraction results in a k-connected graph. Thus e is con- 
tractible if and only if there is no k-separator S such that (the subgraph 
induced by) S contains e. Set 
G==(G)= {SlS is a k-separator containing an edge >. 
Further set 
K=K(G)= {CIC‘ IS an induced cycle of length 4 of G 
at least three of whose edges are contractible} 
Note that for C E 6, G - V(C) is (k - 2)-connected if and only if there is no 
(k + 1 )-separator that contains C. Bearing this in mind, set 
2 = 2(G) = {S / S is a (k + 1 )-separator containing a member of K}. 
LEMMA 1. Let (S; A. B) be a separating triple with SE G u 2. Then 
ISuAI >2k. 
Proof. Pick x E A. Since the girth of G is at least 4, the number of ver- 
tices in S adjacent to x is at most k- 1. So x is adjacent to another vertex 
y in A. Again since G has girth at least 4, T(x) n T(y) = 0. Thus 
ISuAl3lT(x)uT(y)l~2k. 
LEMMA 2. Let (S; A, B), (T, X, I’) be separating triples with S, 
TE 6 u 2. Then either both A n X and B n Y are nonempty, or both A n Y 
and B n X are nonempty. 
Proof: By way of contradiction, suppose that one of A n X or B n Y is 
empty and one of A n Y or B n X is empty. By symmetry, we may assume 
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AnX=AnY=@.ThenITnAl=[T[>k-lbyLemma1,whichmeans 
JT-Ald2. Set 
R=(BnT)u(SnT)u(SnX), 
Q=(BnT)u(SnT)u(Sn Y). 
Suppose both B n X and B n Y are nonempty. Then R, Q are separators, 
and so IRI+lQj>2k. On the other hand, IRI+lQl<2lT-A[+ISI< 
4 + (k + 1) = k + 5. This implies that k = 5, 5’ E 2, and R, Q are k-separators. 
By the definition of 2, S contains a contractible edge, which must be con- 
tained in R or Q. This is absurd. Thus one of Bn X or Bn Y must be 
empty. Again by symmetry, we may assume B n Y = 0. Then as earlier, we 
have IS- YI 6 2 and JR] 64. Consequently, R cannot be a separator, and 
therefore BnX=(2(. Hence 2~IS-Yl~ISnXI=IXI3k-l. This con- 
tradiction proves the lemma. 
Now we prove the following proposition in a series of lemmas. 
PROPOSITION 3. Let G be a k-connected graph with girth at least 4. 
Suppose that 
for each contractible edge e, the graph obtained by contracting e 
has girth 3. (1) 
Then there exists CEE(G) such that G - V(C) is (k-2)-comected. 
Assume that 
G is a counterexample to Proposition 3. (2) 
Note that if 6 = 0, then (1) implies 6 # 0, and so we have 2 # 0 by (2). 
Thus 6 u 2 # 0. Choose SE G n 2 and a connected component A of 
G - S so that IA 1 is minimum. Set B = V(G) - (S u A). The proof of the 
following lemma is essentially the same as that of [ 1, Theorem 41. 
LEMMA 4. Let e be an edge joining two vertices in A, or a vertex in S 
and a vertex in A. Then e is contractible. 
ProoJ: Suppose there exists a member T of 6 containing e. Let X be a 
connected component of G - T, and set Y = V(G) - (T u X). By Lemma 2, 
we may assume A n X and B n Y are nonempty. Set 
R=(AnT)u(SnT)u(SnX), 
Q=(BnT)u(SnT)u(SnY). 
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Then R is a separator. Since R contains e and since A n X is a proper sub- 
set of A, our minimum choice of A implies that R cannot be a k-separator, 
whence IR( 3 k + 1. Since Q is also a separator, we have IQ1 3 k. On the 
other hand, (RI + IQ1 = (SI + ITI <2k+ 1. Therefore SE%, IRI =k+ 1, 
IQ\ = k. Let C be a member of (5 contained in S. Since IQ1 = k, Q contains 
at most one edge of C. This means V(C) n (S n Y) = 0. Hence V(C) 5 R. 
This means R E 2, which contradicts the minimality of I Al. 
LEMMA 5. SE%. 
&roof. Suppose SE 6, and take e E E(A). By Lemma 4, e is contractible. 
By (l), e is contained in a cycle C of length 4. Again by Lemma 4, the two 
edges of C adjacent to e are also contractible. Thus CE K. By (2) there 
exists a separating triple (T, X, Y) with TE 2 containing C. We may 
assume A n X and B n Y are nonempty. Arguing as in Lemma 4, we have 
l(AnT)u(SnT)u(SnX)I>k+2, 
l(BnT)u(SnT)u(SnY)l<k-1, 
which contradicts the main assumption that G is k-connected. 
Let C denote a member of E contained in S. 
LEMMA 6. Ir( U) n A( 3 j UI + 1 JOY all rronempty subsets U of 
s- V(C). 
ProoJ Suppose there exists a nonempty subset hi of S - Y(C) with 
IF’(U)nAl<IUj. Since IU(<IS-V(C)l=k-3<k-l<[AI, ((S-U)u 
(r(U)nA); A-r(U), Bu U) 1s a separating triple. This contradicts one of 
the k-connectedness of 6, the definition of 6, or the minimality of IAl. 
Now pick an edge e E E(A), and fix if for a while. Arguing as in the proof 
of Lemma 4, we can find a cycle D E 6 containing e, and a separating triple 
(T; X, Y) with TE 2 containing D. We choose our notation so that A n X 
and B n Y are nonempty. 
LEMMA 7. (i) S n Y s S- V(C), 
(ii) IA n TI = lSn YI + 1, 
(iii) Sn Y# 0, 
(iv) A n Y = $3, 
(v) An T=T(Sn Y)nA. 
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ProojY Arguing as in Lemma 4, we have 
/(AnT)u(SnT)u(SnX)I=k$2, (3) 
V(C)n(Sn Y)=@. (4) 
The statement (i) is immediate from (4). Since IS/ = k + 1, (3) implies (ii). 
Since A n T contains the endvertices of e, \A n T\ > 2, and so IS n Y! > 1. 
This proves (iii). Now suppose A n Y f @, and set 
R=(BnT)u(SnT)u(SnX). 
Again as in Lemma 4, we have IRl d R. Since I Ti = k + 1, this means 
(Sn XJ < IA n TI. Since V(C) c R by (i), this also means that R cannot be 
aseparator,andsoBnX=O.HenceIXI=/SnX!+IAnX(<IAn~T/+ 
/A n X( < IAl. This contradicts the minimality of IAl. Thus (iv) is proved. 
Since (iv) implies A n Tc r(Sn Y), (v) follows from Lemma 6. 
Now for each Ed E(A), we let F(e) denote the set Sn Y with Y being 
chosen as above. (Of course, there may be more than one way to choose Y. 
But any such Y will do.) We then introduce a graph structure 9 on E(A) 
by joining e and f if and only if T(F(e)) n r(F(f)) n A # @ and e #J: 
LEMMA 8. Let K be a nonempty subset of E(A) connected with respect to 
9. Then IJTU,,KVTe))nAl = IUeEKF(eIl + 1. 
Proof First note that it suffices to show IT(lJe6 K F(e)) n A( < 
F(e)/ + 1; for since UeGR 
Ik~~~KF(e~~n~l 2 1U 
F(e) c S- V(C) by Lemma 7(i), we have 
eeK F(e)/ + 1 by Lemma 6. Now we proceed by 
induction on /ICI. The case iK/ = 1 is immediate from Lemma 7(ii), (v). So 
assume [ICI > 1, and pick f EK so that K- (f} is connected. Set 
kf= Ued--f F(e). By the induction hypothesis, IT(M) n AJ < /MI + 1. 
What we want to show is IT(MuF(f))nA/ 3 )MuF(f)l + 1. Assume for 
a while that MnF(f)#@. Then [T(MnF(j’))nA( 3 (MnF(f)( + 1 
by Lemma 6. Since T(Mn F(f)) c T(M) n T(F(f)), this implies 
IT(M) n r(F(f)) n A I 3 JMn F(f)/ + 1. But this inequality holds even if 
Mn F(f) = a, for we have f(M) n r(E’(f)) n A # @ from the connected- 
ness of K. Thus we have 
lWfuW))n4 = l(r(M)nA)u(r(~(F(f))nA)l 
= IWO n Al + IWCf”)) n Al - IGW n QF(.f)) n Al 
~<(I~I+~~+~l~~f)l+~)-~lMn~(f)lfl)=lMuF(f)l+1. 
Now we complete the proof of Proposition 3. Set 
I= rUJ,,W4, F(e)) n A. Lemma 7(v) implies that for each eE E(A), 
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r(F(e)) n A contains both of the endpoints of e. This forces I= A. On the 
other hand, this also implies that 9 contains the line-graph of A as a span- 
ning subgraph. Since A is connected with respect to G, this means that 
E(A) is connected with respect to 99. It now follows from Lemma 8 that 
Ml = III G Iu?EE(A) F(e)l+l<lS-V(C)I+ldk-2. Since IAl3k-1 by 
Lemma 1, this is absurd, and this contradiction completes the proof of the 
proposition. 
Note that in proving Lemma 4, we did not use the assumptions (1), (2) 
except in showing 6 n Z # a. Thus we have the following lemma, which 
was proved also in [l], [2]. 
LEMMA 9. Every k-connected graph with girth at least 4 contains a 
contractible edge. 
Now we can prove our Main Theorem following the method used by 
Thomassen [Z]. Namely, we prove the following proposition by induction 
on IVGI. 
PROPOSITION 10. Let G be a k-connected graph with girth at least 4. 
Then G contains an induced cycle C such that G - V(C) is (k - 2)-connected 
and 
IT(x) n V(C)1 < 2 for all x E V(G) - V(C). (5) 
Sketch of Proof Note that when the length of C is 4, the condition (5) 
is automatically satisfied. Thus the case when G satisfies (1) is taken care of 
by Proposition 3. So we may assume that G contains a contractible edge 
e = xy such that the graph H obtained by contracting e has girth at least 4. 
Let z denote the vertex in H that comes from e. By the induction 
hypothesis, H contains an induced cycle C satisfying (5) in H such that 
H - V(C) is (k - 2)-connected. We consider only the case z $ V(C), for the 
role of the condition (5) becomes clearest in that case. We regard C as an 
induced cycle of G. Then C satisfies (5) in G as well. Since H - V(C) is 
(k - 2)-connected, G - V(C) fails to be (k - 2)-connected only if one of x 
or y has degree less than k - 2 in G - V(C). But (5) means that this is not 
the case. 
3. CONCLUDING REMARKS 
In [2], it was also conjectured that every k-connected graph with 
minimum degree at least k + 3 contains an induced cycle whose deletion 
results in a k-connected graph. However, this does not hold for large k, 
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which suggests the following problem: Let k> 1, 0 dn d 2 be integers. 
Determine the minimum value f(k, n) for which the proposition that every 
k-connected graph G with minimum degree at least f(k, n) contains an 
induced cycle C such that G- V(C) is (k-n)-connected holds. For large 
values of k, the best results known to the author are f(k, 0) > L3k/2 J + 1, 
f(k, 1) = L3k/2 J, L7k/6 J <f(k, 2) < L5k/4_1. Details will be discussed 
elsewhere. 
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